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APPLICATION OF DANDELIN’S THEOREM TO DRAWING CIRCLES
IN PARALLEL PERSPECTIVE

Abstract: The paper analyses a problem of great theoretical importance in practice of perspective: the
nature of the perspective of a circle from the horizontal plane according to the relative position between
the spectator plane (parallel to the picture plane) and the given circle. Depending on the position of the
neutral line to the circle, the nature of the perspective of a point describing the circle can be determined,
because the corresponding visual radius generates a conical surface, and the perspective of the mobile
point becomes the conical section made in the conical surface by the picture plane. The paper intends to
highlight the validity of Dandelin's theorem when putting a circle into perspective. A discussion of
examples characteristic for this problem is offered. Several conclusions distinguish the main points and

results of the paper.
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INTRODUCTION

Perspective is a vast subject and better covered in
many studies [1], [3], [4], [5], [6], [7]. This paper
continues the author’s studies in the field of descriptive
geometry in general, and perspective representation and
axonometry in particular [2]. An adequate knowledge of
the descriptive geometry and parallel or angular
perspective will enable us to work out any new problems
that we may have to solve.

In order to solve projects of any nature, specific means
and methods of representation of basic geometric forms
are required by perspective and multiview drawings, both
for structural calculation needs and for the functional and
aesthetic composition of technical concepts.

The article was developed to help the future designer
to assimilate geometric reasoning as a necessary tool in
the geometry of the forms and technical representations
that find their use as surfaces and volumes in most
industrial products.

In machine building, most pieces have in their
composition simple geometrical shapes: prisms, pyramids,
cylinders, cones etc. The perspective representation of
these pieces, when their orthogonal projections are known,
requires knowledge of the perspective representation of
the bases of these parts: the square, the hexagon and the
circle.

2. THE PERSPECTIVE OF THE CIRCLE PLACED
IN THE HORIZONTAL PROJECTION PLANE

The nature of the perspective of a circle in the
horizontal plane can be determined in function of the
relative position between the neutral line n-n (the
intersection line between the vertical plane taken through
point of sight V parallel to the picture plane and the
horizontal reference plane) and the given circle.

In fig. 1 the elements of the perspective projection
system are considered: V-point of sight; n-n neutral line;
[T] - the picture plane; [PN] - neutral plane; [H] - the
horizontal projection plane in which the circles C;, C; and
C; are located, and a - the perspective of point A placed on
circle C,. The perspective of point A is obtained at the

intersection of the visual ray VA with the picture plane. If
point A describes circle Cs, the corresponding visual ray
generates a conical surface and the perspective (a) of
point A on the circle becomes the conical section made in
the visual conical surface by the picture plane [T].

According to Dandelin's theorem, the intersection of
plane and a conical surface may be an ellipse, a hyperbola
or a parabola as the section plane intersects a single cone
nappe, both of its cone nappes or is parallel to a plane
tangent to the cone. It is noted that the relative position
between neutral line n-n and each circle in part leads to
the respective conical section type.

Thus, C,-type horizontal circles that are not tangent to
the neutral line and are located only in the real and
intermediate space lead to elliptical sections.

Horizontal circles of type C, intersecting the neutral
line n-n lead to hyperbolic sections, and the Cs-type
horizontal circles tangent to the neutral line n-n lead to
parabolic sections.

In the case of the parabolic section, the neutral plane is
tangent to the conical visual surface along the generatrix
vV, the section plane (i.e., the perspective plane) being
parallel to this plane.

Fig. 1 Circle in perspective
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Application of Dandelin’s theorem to drawing circles in parallel perspective

In the case of the hyperbolic section, the neutral plane
is the plane parallel to the section plane (picture plane)
taken through the vertex V of the cone, resulting that the
Vg and Vg, generatrices are asymptotic directions. The
horizontal tangent lines in g; and g, to circle C; intersect
at point k, and with the x-x base of the picture plane
intersect at points t; and t;. The perspective of point k is
the point t, which represents the center of the hyperbola,
and the asymptotes of the cutting hyperbola are tt; and tt,.

The points on the vertical transparent plane where the
visual rays pass through it indicate the perspective
position of these points on the picyure plane. In fig. 1 is
represented one of the branches of the hyperbola, bae,
which is the perspective of the circle gibAeg, from circle
Ca.

3. CONSTRUCTION OF THE PERSPECTIVES OF
CIRCLES PLACED IN THE HORIZONTAL PLANE

Let’s take h-h to be the horizon line, x-x base of the
picture plane, v the horizontal projection of the station
point (the position of the eye in front of the picture) and
the concentric horizontal circles Ci, C', C; and C;.

The perspectives of circles C; and C,' are the ellipses
Iy and Ty' (fig. 2).

The perspectives of circle C; is the hyperbola I'; (fig.
3).

Note that circle C; is tangent at point t to neutral line n-
n. The perspective of circle Cs is a parabola that passes
through points 5 and 6 (fig. 4).

To determine the perspectives of these circles, are
chosen current points on these circles whose perspectives
are determined using one of the fundamental methods of
constructing the perspective of a point placed in the
horizontal plane, for example the station point and the
point of sight method (VP method).

v
Fig. 2 Elliptical perspective of the circle

For the perspective I'j of circle C;, choose the current
point Ay on the circle. The principal line taken through
point Ao has the trace ax on the ground-line of the picture
plane, and its perspective is Pay. If we use the horizontal
projection v of the station point, so the line oriented

towards the spectator, we obtain its perspective which is
the vertical line 4, and which intersects in point a the

perspective Pay of the principal straight line. For other
points, such as By, Co, Eo, Go, proceed analogously. Points
1, 2, 3, ... etc. where the circles intersect the base line x-x
of the picture coincide with their own perspectives.

For more accurate perspective construction, multiple
current points must be selected on the circles located in
the horizontal plane.

Fy
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Fig. 3 Hyperbolic perspective of the circle
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Fig. 4 Parabolic perspective of the circle
4. CASE STUDIES

4.1 The perspective of the circle inscribed in a given
square

Let’s construct the circle inscribed in a square
resulting four points of tangency located in the middle of
each side and denoted 1o, 20, 30 and 4¢. The circle is
situated in the intermediate space.

The circle intersects the two diagonals of the square
into four other points noted 5o, 60, 70 and 8. If we put this
square and its diagonals into perspective we shall have
eight guiding points through which to draw the given
circle, as shown in fig. 5. The perspective of the square is
constructed with the help of the principal point P and the
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Application of Dandelin’s theorem to drawing circles in parallel perspective

point of distance D™ and then the perspectives of its
diagonals, resulting at their intersection the perspective of
the center of the circle and thereby the tangent points 1, 2,
3, 4 on the symmetry axes of the square (fig. 5)

The perspectives of the circle points located on the
diagonals of the square are 5, 6, 7 and 8.
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Fig. 5 Circle in parallel perspective

4.2 Perspective of concentric circles

Figure 6-a shows how to perform geometrical
constructions. A square is first built on which the
diagonals are drawn. With the center at the intersection
point of the diagonals, the circle inscribed in the square is
drawn. In this circle inscribe a square with the vertex on
diagonals, in which a second circle is inscribed, and so on.
At the intersections of these circles with diagonals, lines
are drawn to the base of the square, obtaining points 1, 2,
3.7

These dimensions are transferred to the base of the
perspective square, and then the circles in perspective are
constructed as shown above, drawing lines from each
point on the base to the principal point P and drawing the
ellipses through the intersection points of these lines with
the diagonals of the square (fig. 6-b).

o
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Fig. 6 Concentric circles in perspective
a- Geometrical construction; b-Perspective of concentric circles

4.3 Construction of a cylinder in perspective

This involves constructing the perspective of a
horizontal circle of the same diameter at a given height,
relative to the perspective of the basic cylinder circle.

The base of the cylinder and the height H are
considered as input data for the construction of the

perspective of a cylinder. The lines oriented towards the

position of the observer V drawn through the points a, b, ¢

and e have the traces ax, by, cx and ex respectively on the
base of the picture plane, and their perspectives are
vertical. The principal lines (perpendicular to the picture
plane) taken through the same points a, b, ¢ and e of the
plane have traces 1, 2, 3 and 4 on the base of the picture,
and their perspectives run to the principal point P. At the
intersection of the perspectives of these lines, results the
perspective of the plane abce.

For heights are used two perspective vanishing scales,

IL and 1,L;, on which the height H of the cylinder is

measured directly. In fig. 7 is shown how to proceed:

1. through the perspective a of the horizontal projection of
point A of space, the frontal-horizontal line aap is
drawn;

2.rises the vertical line agA until it intersects PL; at point
Ao;

3. from Ay, the frontal-horizontal AoA is traced, resulting
the perspective A of the point sought on the vertical
raised from a.

An analogous procedure is used to determine the

perspectives of the other points B, C and E.

The process can be applied to the construction of the

perspective of towers, cylindrical columns, basins,
fountains or other architectural constructions.
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Fig. 7 Cylinder in parallel perspective

4.4 The perspective of semi-circles placed on a circle at
any angle

It is considered the perspective of the ACBH circle on
whose diameter AB is drawn the AKB semicircle
inscribed in the AEFB rectangle, its height being
determined by the OK radius of the semicircle (fig. 8).
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Application of Dandelin’s theorem to drawing circles in parallel perspective

From center O, draw OF to corner of rectangle, this
intersects the semicircle at the point f, through which draw
the line mn parallel to AB. The parallel mn intersects the
vertical OK at the point O; through which a horizontal
min; is drawn, having the same level as mn. Consider
another diameter GH on which the rectangle GghH is
constructed, with the same height as the AEFB rectangle,
which determines the vanishing point F; on the horizon
line.

By joining the point F; with O; the horizontal mn; is
obtained and by joining F; with K the horizontal gh is
obtained. In the GghH rectangle, the diagonals Og and Oh
are drawn which intersects the horizontal mn; at points 1
and 2, thus obtaining the five points (G, 1, K, 2 and H)
through which to draw the required semicircle.
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Fig. 8 Semicircles standing upon a circle at any angle

4.5 Perspective of a frontal semi-cylindrical arcade

In fig. 9 is considered the horizontal line h-h, the
principal point P and the perspective of the rectangle
abKG.

Let’s take C to be the center of the semicircle of AB
diameter. On the principal line aP choose the point a; that
defines the arcade thickness. Drawing through a; a parallel
to ab, results the point b; on the principal line bP. On the
aib; side, the perspective of the a;b|K;G; rectangle is
constructed, which determines the points A;, By and C;.
With the center in C; describes the semicircle of A;B;
diameter.

Fig. 9 Perspective of a semi-cylindrical arcade

5. CONCLUSIONS

Knowing the rules and conditions of a good
perspective helps to get the images on a flat surface right
and quickly, to determine the dimensions of the objects
according to their distance from the observer, to make the
scenes or the compositions so that the placement of the
figures in perspective to be in harmony and proportion
and delight the eye.

For a designer, the perspective is a form of
composition through the various effects or impressions it
produces, the correct setting of the horizon line and point
of sight allowing him to represent complex surfaces (such
as scenic or panoramic views) so as to have a more
natural look.

The study of descriptive geometry and perspective has
a great importance not only for painters and architects, but
also for designers because it helps them how to give
proper proportions to the objects and also how to measure
their different sizes according to the distance from the
picture plane.
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